We study rogue wave excitation pattern in a two-component Bose-Einstein condensate with pairtransition effects. The results indicate that rogue wave excitation can exist on a stripe phase background for which there are cosine and sine wave background in the two components respectively. The rogue wave peak can be much lower than the ones of scalar matter wave rogue waves, and varies with the wave period changing. Both rogue wave pattern and rogue wave number on temporal-spatial plane are much more abundant than the ones reported before. Furthermore, we prove that the rogue wave number can be n(n + 1)/2 + m(m + 1)/2 (where m, n are arbitrary non-negative integers), in contrast to n(n + 1)/2 for scalar nonlinear Schrödinger equation described systems. These results would enrich our knowledge on nonlinear excitations in multi-component Bose-Einstein condensate with transition coupling effects.
I. INTRODUCTION
Bose-Einstein condensate (BEC) admits tuneable contact interactions between atoms which makes the condensate can be used to investigate dynamics of many different nonlinear localized waves [1] [2] [3] , such as bright soliton, dark soliton, and rogue wave. For BEC with attractive interactions, it admits bright soliton on zero background and rogue wave (RW) on plane wave background [4, 5] . For BEC with repulsive interactions, it admits dark soliton on a plane wave background [2] . Since there is no modulational instability for repulsive case, therefore rogue wave do not exist for repulsive scalar BEC. These characters just hold for scalar BEC systems. When the internal spin degree of freedom of the particles is taken into account, the situation becomes even more interesting and the studies were naturally extended to vector BEC or spinor BEC systems [6] [7] [8] . It has been shown that there are many different localized waves for vector systems, in contrast to the scalar ones [9] [10] [11] [12] [13] [14] [15] . This comes from that vector BEC admit the intra and external interactions between atoms which are much abundant than scalar systems. Generally, the population or particle number in each component is conserved in the most previous studies. However, in practical physical systems, the particle numbers in each component are not necessarily conserved. For instance, in microscopic particle transport, the particle in one component can transfer to another component through quantum tunneling or coherent coupling effects [16] [17] [18] [19] [20] [21] [22] .
There are usually two transition paths for atoms: single particle and pair particles transition [23, 24] . For weak contact interaction strength cases, single particle transition play dominant role for particle transition and pair particles transition can be ignored. But the pair transition effects become dominant for strong interaction strength cases [25, 26] . Therefore, we consider that the case for second-order transition is dominant, for which the dynamical equation can be written as an integrable coupled nonlinear Schrödinger equation with pair transition coupling effects (CNLS-p) [27] . Some types of nonlinear excitations for similar integrable model have been obtained based on special Hirota bilinearization and the Darboux transformation (DT) [28] , such as bright soliton [29] , RW [30] . Furthermore, we presented two Darboux transformation forms for deriving nonlinear localized wave solutions [31] . The striking transition dynamics of breathers, new excitation patterns for RWs, topological kink excitations, and other new stable excitation structures were obtained in the CNLS-p described systems. We note that the CNLS-p system also admits cosine and sine wave solutions, which would provide a periodic wave background for nonlinear localized waves. The periodic wave backgrounds constitute a stripe structure, which is similar to the ones obtained in a spin-orbital coupled spinor Bose-Einstein condensate [32] . This provides possibilities to investigate RW and other type nonlinear excitations on stripe phase background analytically and exactly. Here we focus on RW dynamics since the studies on RW in BEC system would be helpful for RW application and prevention in many other physical systems [33] .
In this paper, we study RW excitation pattern on stripe phase background in a two-component BEC with pair-transition coupling effects. The dynamics of RW demonstrate some different behaviors compared with the previous ones in scalar and vector NLS described systems [13, [34] [35] [36] [37] [38] [39] . Both RW pattern and RW numbers on temporal-spatial plane are much more abundant than the ones reported before. Particularly, we find the RW number can be 1 to 16 except 5, 8, 14, and 15 numbers. Two RWs can be superimposed to admit the highest peak value which is nine times the background density, and six RWs admit the highest peak value which is 25 times the background density. But these value characters are admitted by the first-order RW (consist one RW) and the second-order RW (consist three RWs) of scalar NLS respectively. Therefore, the RW solutions here are not trivial superpositions of scalar NLS RW solutions.
Our presentations will be structured as follows. In Sec. II, we describe the theoretical model for a twocomponent BEC with pair-transition coupling effects and present stripe phase for the model which correspond to cosine and sine wave background in the two components. In Sec. III, we demonstrate RW dynamics on the periodic wave background in the two components, based on derived rational solutions. In Sec. IV, the superposition cases for them are discussed, which demonstrate RW numbers on spatial-temporal distribution plane are n(n + 1)/2 + m(m + 1)/2. Then in Sec. V, we discuss how to observe the RW dynamics here in a 87 Rb condensate with two hyperfine states. Finally, we summarize the results and present our conclusions in Sec. VI. It is seen that rogue wave peak is nine times the background density value in component q1, but rouge wave peaks is much lower than nine times in component q2. The parameters are a = 1, k = 2.
II. THE COUPLED NONLINEAR SCHRÖDINGER EQUATIONS WITH PARTICLES' TRANSITION
One-dimensional two-component BEC system with particle transition can be described by the HamiltonianĤ
where n j =q † jq j is the particle number operator, the symbol † represents the Hermite conjugation. g i,i and g 3−i,i (i = 1, 2) are the intra and external interactions between atoms. J 1 and J 2 denote single particle and pair particles transition coupling strength separately [23, 24] . In most studies, J 1,2 are set to be zero usually because it was believed that the presence of tunneling makes the systems become non-integrable [9, 10, 12, 14] . Recent experimental results in a double-well Bose-Einstein condensate suggested that pair-tunneling can become dominant with strong interaction between atoms [25, 26] . Therefore, we consider that the case for second-order transition is dominant, namely, J 1 = 0 and J 2 = 0. We find integrable CNLS-p can be derived from the Hamiltonian with g j,3−j = 2g j,j = 2J 2 .
It is convenient to set g j,j = −σ (σ = ±1 correspond to attractive or repulsive interactions between atoms ) without losing generality for there is a trivial scalar transformation for different values.The corresponding dynamic evolution equation can be derived from the Heisenberg equation i (∂q j /∂t) = [q j ,Ĥ] for the field operator. Performing the mean field approximation <q j >= q j , we can get the following integrable CNLS-p with scale dimensions m = = 1
where the symbol overbar represents the complex conjugation. The coupled model can be also used to describe the propagation of orthogonally polarized optical waves in an isotropic medium [40] . Bond soliton fiber laser and soliton interactions were studied in a similar coupled model [41] . The propagation of optical beams in terms of the two orthogonal modes of a planar waveguide where the beams are only allowed to diffract in one spatial dimension can be described by the coupled model with some constrains on the ratio of cross-and self-phase modulation coefficients, cross-phase modulation and four-wave-mixing term [42, 43] . What needs mentioning is that the above coupled equations without the last term usually deem as non-integrable CNLS [44] . However, when we add the particles transition term, the non-integrable CNLS become integrable, which was also proven by Painlevé analysis [28] . Recent studies on RWs suggest that the unique wave arises from modulational instability, and the rational solution of nonlinear partial equations can be used to describe dynamics of RWs prototypically including both scalar and vector systems [45] [46] [47] [48] [49] . Among those different types of nonlinear partial equations, nonlinear Schrödinger equation (NLS) has been given much attention because of its widespread applications in optics, water wave tank, plasmas, and financial systems, as well as the quantum world of super fluids and Bose-Einstein condensate [33] . Based on the rational solutions, it has been found that there are some different patterns for RWs, such as eye-shaped [38] , anti-eye-shaped [9, 10] , and four-petaled flower structure ones [11] . The transition relation between them have been uncovered in coupled systems [13, 34] . The previous RW solutions are usually derived on plane wave backgrounds, but this does not mean that it can not exist on other types of backgrounds. For example, some RW solutions on cnoidal wave backgrounds were presented in a semi-analytical forms [39] . RW on different background would demonstrate some different dynamics properties [50] . On the other hand, there are some certain laws for distribution numbers of RW on spatial-temporal distribution plane. The RW number is n(n+1)/2 for n-th-order RW solution of scalar NLS model [35] , which means that there are no higher-order solutions that are physically separable into 2,4,5,7,8,9,...elementary Peregrine RWs in scalar NLS described systems. Interestingly, we have shown that two or four RWs can exist in the coupled NLS described systems [36, 37] . Then, what about the RW pattern dynamics for the above CNLS-P model?
Bright soliton and RW were studied for the model that nonlinear coefficients and pair-transition coefficients are different [29, 30] . The RW excitation dynamics on a plane wave background have been discussed well [27, 31] . But the general properties for RW number is still absent for the CNLS-P systems. We note that the CNLS-p admits periodic wave background. For example, q 10 = a cos(kx) e iφ and q 20 = −ia sin(kx) e iφ (where φ = a 2 t − k 2 t/2 ) are also the solution of the CNLSp model. The periodic wave backgrounds constitute a stripe structure, which is similar to the ones obtained in a spin-orbital coupled spinor Bose-Einstein condensate [32] . We here would like to study the excitation patterns of RW on these periodic wave backgrounds. We derive the RW solution exactly through performing the DT method [31] . The two forms for DT can be used to construct single and double nonlinear localized waves separately. In the follows, we list some non-trivial RW solutions for the system (1) according to RW numbers generated by the two DT forms.
III. DIFFERENT ROGUE WAVE EXCITATION PATTERNS ON PERIODIC WAVE BACKGROUNDS
The solution for one RW is derived through the first DT form present in [31] as
We can see that the solution describe one RW on periodic wave background in the two components. For example, we show one case with a = 1, k = 2 in Fig. 1 . It is seen that the peak value of RW about 4 times the maximum value of background density in component q 1 and it is about 3.3 times the maximum value of background density in component q 2 . This is different from the well-known RW in scalar NLS for which the peak of RW is nine times the background density value [35, 38] . The superposition of them can be a RW on a plane wave background, and its value 5 times the background density value (see Fig. 5(a) ) but it is still not nine times the background value. Therefore, the RW solutions here are not trivial superpositions of scalar RW solutions, which admit some different excitation dynamics. The solution for two RWs is derived through the second DT form present in [31] as
The solution describe two RWs on periodic wave background in the two components. For example, we show one case with a = 1, k = 2 in Fig. 2 . It is seen that the peak value of the superposition of the two RWs is nine times the background density value in component q 1 , but the peak value of RWs in component q 2 is much less than the nine times value. The RW structure is distinctive from the ones reported before, for which there are four humps around one center. This is also different from the four-petaled RW found in [11] .
The solution for three RWs on periodic wave background is
where For an example, we show the dynamics of RWs with a = 1, k = 2, c 1 = 5, c 2 = 10 in Fig. 3 . It is seen that there are three RWs on the spatial-temporal distribution plane. The distribution profile is identical with the second-order RW for scalar NLS, but the RW peak values are much smaller than the scalar ones. Similarly, we derive a rational solution which describes four RWs,
which are the superposition of the first-order RW and the second-order RW. For an example, we show one case in Fig. 4 . The profile of the four RWs can be controlled by varying parameters c 1 , c 2 . The distribution profiles are much more abundant than the ones for coupled NLS without PT coupling effects [36, 37] . More RWs numbers can be obtained by the iterations of DT. Particularly, we can further know that the RW number here can be n(n+ 1)/2 + m(m+ 1)/2 (where m, n are arbitrary non-negative integers), since the solutions are proven to be written in the form q 1 = . The RW number is n(n + 1)/2 for n-th-order RW of scalar NLS system [35] . As shown in [28] , the Eq. (1) can be related with two uncoupled NLS equations through a simple linear transformation, which can be also used to construct the solutions here from the ones of scalar NLS. This explains why the linear superposition of two RWs on different plane background is possible in above results.
FIG. 5: (Color online)
The dynamics evolution for the superposition of RWs in the two components. The rogue wave dynamics are given by the analytical form |q1| 2 + |q2| 2 with different n and m values, where q1 and q2 can be written in combination forms of the n-th-order and m-th-order RW solutions of the scalar NLS. It is seen that the rogue waves distribution profiles are distinctive from the ones in scalar NLS described system and vector NLS descibed system with no pair-transition effects.
We have presented them with the first-order and secondorder in the above discussions. Higher-order RW solution can be derived similarly [31, 51] , we do not show them here because of their much complicated expressions.
IV. DIFFERENT ROGUE WAVE EXCITATION NUMBERS ON A SUPERPOSITION PLANE WAVE BACKGROUND
The superposition of the rogue wave in the two components describe RWs on plane wave backgrounds, since the cosine and sine wave backgrounds are summed to be a plane wave. This is similar to the RWs in scalar NLS described systems. However, there are still many differences between them. Firstly, the highest peak is lower. Secondly, the RW numbers are quite different. The number of RW can be n(n + 1)/2 + m(m + 1)/2 (where m, n are non-negative integers), in contrast to n(n + 1)/2 for scalar NLS systems. For example, we summarize them to the fourth-order in the table I. We can see that RW number can be 0 to 16 except 5, 8, 14 and 15. These characters are distinctive from the ones in scalar NLS and even two-component NLS without transition effects.
We show the dynamics of them in Fig. 5 , based on the RW solutions to the third-order case. It is seen that the distribution patterns are distinctive from the ones of scalar NLS in [35, 51, 52] which admit certain structures, such as structural translations, triangular cascades, pentagrams, heptagrams, enneagrams, etc.. This comes from that there are more free parameters here which brings more abundant structures. Particularly, the same number can be obtained by different excitation forms. For ex-
Existence condition
Rogue wave number ample, the number six can be obtained by n = 2, m = 2, but it can be also obtained by n = 3, m = 0. The distribution characters between them are distinctive (see Fig.  6 for the superposition case with the highest peak value), because the case n = 2, m = 2 has more free parameters than the case n = 3, m = 0. The case n = 3, m = 0 admits identical patterns with the third-order RW of scalar NLS. But the RW peak values are different between them. The locations of RWs can be changed, and superposed to admit different peak values. For two RWs case, the highest peak can be nine times the background density (see Fig. 5(b) ), which is identical with the first-order RW for scalar NLS system. But this is superposed by two RWs, and the first-order RW for scalar NLS has one RW. For six RWs case, the highest peak of RWs can be FIG. 6: (color online) (a) The superposition |q1| 2 + |q2| 2 of six rogue waves with n = 3, m = 0 which admits the highest peak value. (b) The superposition |q1| 2 + |q2| 2 of six rogue waves with n = 2, m = 2 which admits the highest peak value. It is seen that the highest peaks in the two cases are both 25 times the background density value, but the distribution profile with n = 3, m = 0 is distinctive from the case with n = 2, m = 2. 25 times background density (see Fig. 6 (a) and (b) ), which is identical with the second-order RW for scalar NLS system. The second-order scalar RW admit three RWs, in contrast to six RWs here. The superposition form can be also much more abundant than the cases for scalar system. For example, we show two different cases for the twelve RWs with varying parameters in Fig. 7 . In Fig. 7(a) , there are six separate RWs and superposition of six RWs with the highest peak. In Fig. 7(b) , there is a superposition of twelve RWs with the highest peak. It is shown that the highest peak of the twelve RWs superposition is 49 times the background density value, which is identical with the six RWs superposition case of the third-order RW for scalar NLS. All these characters indicate that the RW solutions here are not trivial superpositions of scalar RW solutions. The numerical simulation of a rogue wave on periodic wave background with small noise. The initial excitation condition is given by the exact ones at t = −3 in Fig. 1 by multiplying a factor (1 + 0.01Random[−1, 1] ). It is seen that the rogue waves are robust against small noise.
V. POSSIBILITIES TO OBSERVE THESE NONLINEAR EXCITATIONS
The pair-transition(PT) term corresponds to pair particles transition in two-component Bose-Einstein condensate [23, 24] or four-wave-mixing effect in a nonlinear planar waveguide [42, 43] . Therefore, they can be realized in a two-component ultra-cold atomic system or planar waveguide with two orthogonal modes through combining these intensity and phase modulation techniques. As an example, we discuss possibilities to observe the rogue wave in Fig. 1 in a cigar-shaped condensate with two hyperfine states, q 1 and q 2 .
For simplicity, we assume the initial condensation occurring in the trapped state q 2 . State q 1 is coupled to q 2 by an RF or microwave field tuned near the q 2 → q 1 transition. The PT effects can be realized by the RF field in the strong interaction regimes [25, 26] . The total number of 87 Rb atoms in the condensate is N = 5 × 10 4 . a i,j (i, j = 1, 2) are s-wave scattering lengths which can be adjusted by Feshbach resonance technique. Setting a 1,2 = a 2,1 = 1.6 nm and a 2,2 = a 1,1 = 0.8 nm, under mean-field approximation, the s-wave scattering effective interaction strengths between atoms in the same hyperfine state are U j,j = 4π 2 a j,j /m (m is the atom mass), and the scattering effective interaction strengths between atoms in different hyperfine state are U j,3−j = 4π 2 a j,3−j /m. When the interaction between atoms is attractive and the PT coefficient is N · U 1,1 , the units in axial direction and time are scaled to be 2.0 µm and 0.5 ms respectively, the dynamics of the condensate with PT effects can be described well by the Eq. (1). Recently, rogue wave and Akhmediev breather have been excited experimentally in nonlinear fiber system under the direction of related exact solutions [53, 54] . Vector soliton including dark-dark, bright-dark soliton, brightbright soliton, and even half-soliton have been excited experimentally in multi-component Bose-Einstein condensate based on density and phase modulation techniques [8] . The experiments indicated that the initial conditions for these nonlinear excitations can be made nearly precisely by density and phase modulation techniques. Similarly, the exact solution (2) for rogue wave on sine wave background can be used to direct initial density and phase modulation explicitly in the two components.
However, the initial condition can not be made precisely. There are always some deviations in real experiments. Therefore, we test the evolution of these nonlinear excitations with some noises. The results indicate that they are robust against small noises or perturbations. For an example, we show the results for one RW on sine and cosine wave background in Fig. 8 . The time of transition process is about 1.0 ms for the rogue wave. The time duration is much shorter than the life time of a Bose condensate. Therefore, the RWs can be observed from the initial conditions approaching to the ideal ones given by these exact solutions in the two-component condensate system.
VI. CONCLUSION AND DISCUSSION
In conclusion, the RWs on stipe phase background are reported in a two-component BEC with pair-transition coupling effects, which demonstrate some different behaviors compared with the previous ones in scalar and vector NLS described systems. Both RW pattern and RW numbers on temporal-spatial plane are much more abundant than the ones reported before. Particularly, we find the RW number are n(n + 1)/2 + m(m + 1)/2 (where m, n are arbitrary non-negative integers), which generates 1 to 16 except 5, 8, 14, and 15 numbers. These characters and the RW peak values suggest that the RW solutions here are not trivial superpositions of scalar NLS RW solutions. It should be noted that the cosine wave background is distinctive from the fluctuating periodic wave background studied in [50] , which is a weak fluctuation on a plane wave background. Especially, the RWs solution presented here can be obtained from the ones of standard NLS on plane wave background with different wave vectors, since the CNLS-p model can be transformed to two uncoupled NLS equations through a linear transformation [28] . The solutions of Eq. (1) can be written in the form q 1 = ψ1n+ψ2m 2 and q 2 = ψ1n−ψ2m 2
, where ψ 1n and ψ 2m are n-th-order and m-th-order RW solution for the scalar NLS i ψ j,t + 1 2 ψ j,xx + |ψ j | 2 ψ j = 0 (j = 1, 2). For an example, the solution (Eq. (2) and (3) induce cosine or sine wave background and the RW signal comes from the RW signal in ψ 11 (ψ 11 can be written as ψ signal + ψ 10 form). Therefore the simple transformation is nontrivial, which can be used to construct these different excitation patterns for vector RW, and other types localized waves. The results here create opportunities to study transition dynamics of nonlinear localized waves on periodic wave background exactly and analytically.
